ASD-TDR-62-719

THERMAL RADIATION CH/ * ACTERISTICS OF TRANSPARENT,
SEMI-TRANSPARENT A TRANISLUCENT MATERIALS
UNDER NON-!SOTHERMAL CONDITIONS

Nl

R S

TECHNICAL DOCUMENTARY REPORT No ASD-TDR-62-719

APRIL 1964

AIR FORCE MATERIALS LABORATORY
RESEARCH AND TECHNOLOGY DIVISION
AIR FORCE SYSTEMS COMMAND
WRIGHT-PATTERSON AIR FORCE BASE, OHIO

Project No. 7360, Task Nos. 736001 and 736004

(Prepared under Contract No. AF 33(616)-8368 by the
Lexington Laboratories, Inc., Cambridge, Massachusetts;
Robert C. Folweiler)

{ -




. —————— T o U

ABSTRACT

’

) Thermal radiation from refractory oxide materials is
a volume, rather than a surface, phenomenon. General equations
describing emissivity, transmissivity, and reflectivity for
scattering and absorbing systems have been derived in a form
that allows determination of the necessary material constants
and calculation of emissivity under isothermal and non-isothermal
conditions. Methods of evaluating conditions under which these
equations are applicable have been derived, and a simple expres-
sion developed for radiant energy transfer when conductiorn in
the solid is negligible »«=1aticve - “he radiant energy transfer
in the solid.

Experimental i, paracusg has hezn develoned and measure-
ments of the isothermal emissivity of several refractory oxides
and the transmissivity of single crys*t&ls have been made over
the wavelength range 1-15 microns at temperatures up to 1350°C.
Emissivity was found to depend strongly on composition, micro-
structure and wavelength. Different grades of "alumina'" ceramics
range from about 0.2 to above 0.9 in the near infrared (Jdeém) .

Diffuse transmissivity measurements provided experimental
values from which scatterlng was calculated for each sample. Large
scattering values ¢ — were obtained, however, emis-
sivities calculated from these measurements agreed well with
experimentally measured data. Results show that the normal emis-
sivity in these systems is substantially larger than the hemispher-
ical emissivity in contrast to opaque solids where they are nearly
the same. - LN

This technical documentary report has been reviewed
and is approved.
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/ chief, Thermal and Solid
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Materials Physics Division
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1.0 INTRODUCTION

Performance evaluation of ceramic, cerumic-plastic
or ceramic-metal fiber radomes, re-entry bodies or high
temperature anti-abrasion coatings on a metal substrate
requires a precise knowledge of the thermal gradients and
radiant thermal transfer through and from the bodies.
Energy transfer through these systems is by two modes:

(1) radiation, (2) lattice conductivit/. There exist
complex interactions and perturbations between these trans-
fer modes which cause iarge deviations from linear ther-
mal gradients in areas near interfaces. These gradients
may be larger or smaller than would be predicted on the
basis of lattice conduction alone.

Emissivity has been widely accepted as a simple
dimensionless constant, and has been used in conjunction
with the blackbody radiation eguation to uniquely expres:
the guantity and guality of radiant energy emitted by a
heated object. For opague materials such as metals or
graphite which possess large extinction coefficients, the
emission process is in essence a surface phenomena, unaffected
by internal gradients, and the emissivity concept for these
systems is accurate and useful. However, for semi-transparent
materials such as polycrystalline ceramics used for high
temperature applications, radiant energy emission 1is a
volume process, Thermal gradients normal to the radiating
surface are almost always present, and no obvicus single
temperature is useful in characterizing such radiating
systems, Thus, the surface emissivity concept becomc¢ s fun-
damentaily unsound.

The impor*ance and significance of these concopts to
heat-transfer ar.. temperature measurement in translucent
materials such as refractory oxides and oxide coatings 1s
not widely appreciated. However, using re.sonable optical
constants for dense sintered aluminum oxide, our estimates
indicate that differenves as great as one hundred percoeont
from isothermal cmissivity values may occur in practical
systems, For example, at 1t99 C the effective crilssivity

Manuscript released by author July 1962 for publication as
an ASD Technical Documentary Report.
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for aluminum oxide in still air is already thirty-five
percent higher than the isothermal value. This difference
becomes increasingly important as the temperature level
increases (roughly proportional to T), and as the air
velocity increases., That is, these effects are substantial
ones of practical as well as theoretical importance.
McMahon(l), Gardon(z), and others(3’4'5'6'7) have
developed the -rolume emissivity concept for describing
the radiant transfer within and from transparent (i.e.
non-scattering) systems such as glass or single crystals.
However, most impertant ceramic and plastic systems con-
tain either pores or fibers as scattering centors. As a
result, these analvtical methods and use of a simple volume
emissivity are unsound. There is nnt at present any sound
general basis for describing the t..ermal radiation charac-
teristics of semi-transparent materials under non-isothermal

conditions.

: _ . (8) _ (9)

The numerical method of Hottel and the Hamaker

differential equations consider both absoiption and scattering
coefficients. At present neither of thesc systems has been
subjected to much high temperature experimerital verification.
Thus it is necessary to (a) select an analytical system
sufficiently powerful to solve complex and difficult problems
2nd which will permit material constants to be expressed in
a relatively simple form, and (b) to experimentally verify
the analytical results,

2.0 THE PROBLEM

The problem cf heat transfer and radiant enzrqgy
interaction with absorbing and scattering materials is
a compiex one, Factors such as absorption and reemission
within the body as well as scattering must be taken into
account; in addition to the linear thermal gradients in
the conter of thick sections, boundary effects must be
consid- red; also there are dimensionel effects and, less
frequently, polarization and phase have to be handled.
In ygeneral there are twc m=2thods of approach to thic problem.




Representative ?g)one, the numerical a»proach, is

the Hottel-Cohen method . In this method the sample being
considered is broken up into small zores of constant tempera-

ture. Radiation exchange factors are determined for each

possible zone interchange. These radiation exchange factors
are then used in energy balance equations, one equation for
each zone in the system, Heat transfer to the zone by con-

vection, radiation or by unsteady state enthalpy change of
the zone are conside '‘ed in ths energy balance equations.
When these are solved with suitable bcundary conditions,
the required temperature and heat flux distribution inside
the sample are determinea. The success of this type of
calculation depends on the speed of modern computers. One

of the advantages is that (by making the zones small enough)

practically any desirable accuracy can be obtained, pro-
vided that sufficient machine time 3is available, A main
cisadvantage is that a solution is valid for ounly one
specific case; this is useful when actual heat transfer
to some known configuraition with known optical properties
is desired, but is not helpful for general design purposes,
or in understanding the mechanisms involved. It does not
provide a good basis for defining material properties or
comparing the potential utility of different kinds of
materials.

The other general method involves equations des-
cribing the whole process in terms of position and the
paraneters at these positions. The solution describes
thn desired propertv, such as eifective thermal conduc-
tivity, in terms of the necessary paramcters. The main
disadvantage cf this technique is that it is extreme.y
complicated to solve the problem in the most general case,
and the solution may be sov complicated that a computer
is needed to obtain numerical val ues from it. A practi-
cal approach is to make csuitable approximations which
gsimplify the general problem tc a manageable sct of equa-
tions. Such an approach was taken by Hamaker {?) who
assumed diffuse radialtion and divided the flux into a
forward aand backward component. Though the limitation
to diffuse radiation simplifies the mathematics 1 great
deal, it is not a serious loss of generality since practi-
cally all cases ot heat traon.fer of practical interest
involve mostly diffuse radiation.



Although other analytical methods are possible,
Hamaker's equations appear to be the most useful system
presently available to characterize the thermal radiation
behavior of both isothermal and non-isothermal semi-
transparent solids. For non-isothermal cases, thermal
gradients as well as optical coefficients must be consid-
ered in calculating radiation interchange. This procedure
is not currently used because of heat transfer specialists’
greater familiarity with opague materials, and because the
required optical data are not generally available.

Two important optical parameters are defined by
the Hamaker relations®: the absorption coefficient (a),
and the scattering coefficient (s). The former is basic-
ally an intrinsic property that is related to, but not
equal to (@), the absorption coefficient of single crystals.
The absorption coefficient (a) is partially dependent on
the structurally sensitive scattering coefficient.

In order to be able to calculate radiant energy
emissivity from non-isothermal semi-transparent materials,
values of (a) and (s) are needed as a function of tempera-
ture and wavelength. The reflectivity and isothermal
emissivity of infinitely thick samples allow the determin-
ation of the ratio (a/s) but not the individual values.
Thus, present emissivity values cannot be converted into
the required coefficients. Measurements of the reflecti-
vity, transmissivity, or absorptivity of a given material
as a function of thickness dces allow both constants to
be determired. 1In general, it is most convenient and
accurate to measure transmissivity for scattering systems;
although for very thin layers, completely diffuse radiation
is required, and for thick layers the accuracy decreases
due to loss of signal strength of the transmitted beam.
Because radiation emissivity differences between isother-
mal and non-isothermal specimens increase with increasing
temperature, data for optical coefficients is most diffi-
cult to obtain in the region of greatest interest. Since
(s) is nearly temperature independent, this problem can
best be overcome by elucidating the interrelationships
between (a) , (s3) and (@) which are more easily measured
at or extrapolated to high temperature.




3.0 THEORETICAL INVESTIGATIONS

The differential equations presented by Hamaker
provid» a basis for developing analytical expressions of broad
applicability. 1In contrast to some other analytical systoms,
these derived expressions are general encugh tc include the
strong effect of scattering in addition to absorption effect.
For real systems, the relative simplicity of the equations
facilitates a study of mechanisms and trends and a determin-
ation of design data. Although the derived equations are not
entirely general, a number of important cases may be considered
and certain optical constants may be calculated for a particu-
lar material. Other analytical systems, particularly numerical
methods, may provide greater precisioi since some general
assumptions were made for deviation.

We have modified Hamaker's original differential
equations by introducing a correctiocn for the radiant energy
density. This correction appears as (n2), the index of refrac-
tion squared, in both the differential equations and the gen-
eral solutions. An additional correction for surface reflection
is included in the boundary conditions.

Fur ther development of the Hamaker relations to a
form suitable for heat transfer calculations depends on a
clear understanding of the underlying assumptions and the con-
ditions under which they can be used. Two important assumptions
involve diffuse radiation impinging on the body and the nature
of scattering produced by a pore phase. 1In addition, the
equations contain an approximation for the conductive heat trans-
fer which may impair accuracy under some conditions. Methods
have been considered and developed for evaluation of limits
arising from approximations and assumptions inherent to this
system of equations. For some of the simpler cases, new analy-
tical relations have been derived.




3.1 Further Development of the Hamaker Relations

The method us?d is based on a system originally
conceived by Schuster 10,11} ynd added to by Hamaker (9) ;

the notation used here is essentially that of Hamaker.

The basic method is that of dividing the flux into two
parts: one flowing in a positive direction, and the other

in a negative direction. A set of simultaneous differential
equations is used to describe these fluxes and the other
necessary parameters. Since only a forward and a backward
flux are considered this is a one-dimensional calculation
and therefore has as a basic assumption that the incident
radiation is diffuse (i.e., the intensity is equal for all
angles of incidence), and that the radiation scattered
sideways is compensated for by an equal contribution from
neighbouring parts of the layer (i.e., the area investi-
gated is either small in cross section compared with the
total illuminated cross section of the sample or is large
compared to the thickness of the sample). This condition

is not a severe limitation since most practical heat trans-
fer problems are concerned with diffuse radiation.

The treatment for the situations where temperature
gradients are present suffers from the further limitation
that only total radiation is considered and therefore the
fact that the wavelength Jistribution of black-body
emission changes with temperature is not taken into account.
Also it is assumed that the properties of the material
change only gradually. This then implies the assumption
that the temperature gradient across the sample which is
being measured is small. Practically all the methods of
calculation in use today also suffer from this limitation
and in practice there are calculation schemes which can be
used to alleviate the problem,

3.1.1 Isothermal Layers, General Solutions

The total radiant flux is divided intc two

The flux in the dircztion of the positive x axis

J = The flux in the direction of the negative x axis



An absorption coefficient, (a), is defined by
requiring that (a I dx) be the amount of the radiation
absorbed from the flux (I) on passing through an infinitesi-
mal layer, (&x): a scattering coefficient (s), is similarly
defined by requiring that the flux scattered backward
from (I) (and therefore added to J) in an infinitesimal
layer (dx) is {s I dx). On passing through this layer
(I) will then be diminished by the amount absorbed and the
amount scattered, but will ke increased by the flux lost by
scattering from (J), or:

dli/dx = - {a+s) I + sJ (1)

similarly:
djJ/dx = (a+s) J - sI (2)

The general soluticns of these eguations can be
found by putting

oX -0X (3)

J =C. e + C. e (4)

only two of the four constants Cl.........C4 being arbitrary.
The solutions (using the same notation as Hamaker) are then:

I =24 (1-8.) e X+ B (1+8,) e % (5)
J=2a (1+8.,) e "X+ B (1-3.) e ¥ (6)

where —_—
o = ~a (a+2s) (7)

7




Bo = a/(a+2s) =o0o/(a+2s) (8)

both roots being taken with a positive sign. In these
equations (A) and (B) are constants to be determined by
the boundary conditions.

3.1.2 Isothermal Layers; Specific Solutions
With No Diffusing Screen

One of the cases for which one would like
specific solutions is that of a layer placed in a beam
of diffuse radiation where there is reflection from both
internal and external surfaces,

At an interface where the index of refraction
is increasing, let the reflectivity equal (po). At an
interface where the index of refraction is decreasing,
let the reflectivity equal (p.). (The actual values of
these constants can be calculdted from the index of refrac-
tion and will be discussed in a following section.)

The following nomenclature will be used (where
D is the thickness of a layer):

I. = The incident flux at x = 0

I, = The forward flux immediately below the interface

x =0

Jo = The backward flux immediately below the interface
x =20

JD = The backward flux immediately below the inter-
face x =D

ID = The forward flux immediately below the inter-

face x = D

There is assumed to be no incident flux on the
back surface x = D,




Then the boundary conditions are that at the front
surface (x = 0), part (po) of the incident radiation (Ii)
is reflected back, and part (1l-;.) is transmitted. The
flux immediately below this interface (I.) is composed
of this flux ({1-po.]I.) plus that flux reflected from
: i
the inner surface of X = 0 or (pi Jo) .

or (at x = 0):

(o] = - [e} . fe) \
I (1-p )Ii+le (9)

At the back surface (x = D) since there is no inci-
dent radiation, the only flux is that part (p, ) reflected
from the remaining forward flux (I ).

or (at x = D):

(11)

JD = Py ID (10)
Substituting in these equations for I., Jo, I_, and
. . D

J, from equations (5) and (6), gives:

A(l-—no) + B (l+B° ) = (l‘}'o) Il + by A(l"’ﬁu) + 'l B(l—ﬁo)
and

JoD -y 3,
a8 e™P w18 e 0 = o a-s) o0+ B

(12)

These are the equations to be solved for the constants

(A) and (B) for these particular boundary conditions. They

are (when the exponentials are substituted for by hyperbolic
functions):



_OD
I, e 77 (1-po) [Bo(14p,)-(2-p.) ]

2 {[302(1+pi)2 + (l-pi)z]sinh oD + 2 B, (1—pi2) cosh JoD]}

(13)

oD
I, e (1-po) [ Bo(1+p.)+(1-p,) ]

B 2 2 2 2
2{[Bo"(14p ) " + (1-p,) "] sinh ocD + 2B, {1-p;) cosh o.D]}

(14)

using these values in equations (5) and (6) gives the follow-
ing expressions for I_ (the forward flux at x) and Jx (the

backward flux at x):

-0oX ToD
1i<1-po){[B°(1+pi)+(1—pi)J(1+Bo)e e

+[Bo(l+pi)-(l—pi)](l—Bo)eO°xe-G°D}

I =

X 2

>
(1+pi)2 + (l-pi)“]sinh oD + ZBo(l-piz)COSh GoD)

2{[R,
(15)
~0JeX CoD

Ii(l'—po) {[Bo(l+pi)'+(1-pi)](1—bo)e e

+[Bo (14p,) = (1-p ) 1(1480) e7°%e 70

J o= 2

* 20082 ) + (1-p,) *)sinh 60D + 2Bo(1-¢ ) cosh 0oD)

(16)

In practice, it is impossible to check these quantities
experimentally; what can be checked, however, is the trans-




missivity and the reflectivity. To arrive at these qualities
we first determine the forward flux immediately under the
back surface (ID) by substituting (D) for (x) in equation
(15).

Then:

3 -

I ==
D 2 2, .
[Bo (l+pi)2+(l-pi) Jsinh c.D + Zﬁo(l—piz)cosh JoD

(17)

The transmissivity (v) is then the ratio of the amount
of radiation of the above that gets through the surface
([l-pi]ID) to the incid~nt radiation.

Or:

ro= 1 (1-p ) /1, (18)

giving for the transmissivity:

2/30 (1"[.:) (l-'l)

{lf)\( 2(1+ ;'_)2 + (l—p.)Z]Sinh OOD + 2}£o (l- ‘2)COSh ‘(-D
by i ti

(19)

The reflectivity (,) can be found similarly by adding to

the fraction of incident radiation reflected from the front
sur face (foIi) the amount of backward flux that gets through
the interface ([1-,. 1J.).

i
Then:
2, 2 , ‘
[ i : ’ - =
(- ) -5, (1—,i—2,p)(1+,i)}51nh D20 (o ) (1)) sosh
v 2 2 N . 2 o
22 0%+ (e, 0% sinh 4200 (15, Dcosn D




It is also possible to calculate the absorptivity (@) of the

layer since @ + p + T = 1. It is:

2Bo (1-po) (Bo (1+p,) sinh ooD + (l—pi? [cosh o,D-1]) (21)

a =
p
[Boz(l+pi)‘ + (l—pi)2] sinh o,D + 2B°(l—p52) cosh 0,D

This is also the emission of the layer relative to
black body radiation according to Kirchhoff's law.

3.1.3 Determining Optical Constants From Transmissivity
Measurements

One of the objects of making transmissivity measurements

is to use them to calculate optical constants of the material.
In order to do this, equation (19) for the transmissivity of the
material has to be solved for the constants. Cross multiplying

in the equation (19) gives:

2 B, (1-po) (1-p,)

T 302 (l+pi)28inh OoD + T(l—pi)zsinh OoD + ZBOT(l—piz)COSh OoD
(22)

Or, by regrouping the terms:

T (l-pi)2 sinh 0o,D =

Bo [2[(l-p°)(l—pi)-T(l—piz)cosh oon]-rﬁo(1+pi)2 sinh 0,D} (23)




1f we consider two layers of thicknesses (D.) and
(D_.)and transmissivities (1.) and (12) respectively then
(dividing by equal quantities):

2 .
Tl(l—pi) sinh ¢.D,

2 .
T,(l-p;) " sinh ooD (24)

2

2[ (1-p,) (l—pi)—Tl(l-piz)cosh OoDl]—TlBo(l+pi)2 sinh 90D,

2[ (1-po) (l—pi)—Tz(l—piz)cosh 00D2]~1230(1+pi)2 sinh ooD,

or (again cross multiplying):

3 . 3.
2 Tl(l—po)(l—pi) sinh 00D, -21, 12(l+pi)(l-pi) sinh 0oD; cosh o.D,

(1+pi)2 (l—pi)2 sinh 0o.D, sinh coD, =

-Bo Tl T 1 2

2

3. \
T2(1+pi)(l—pi) sinh 0,D_ cosh ¢oD

3 :
2 Lz(l-po)(l~pi) sinh UODZ—ZT 2 1 ‘.W

1

2 . .
(l+g.)2 (1-p.) " sinh 00D, sinh o0oD,
i i

—BoTl T 1 5

2

(25)

All the terms involving (B,) drop out of the above
equation giving (having made use of the identity sinh [x -y]
sinh x cosh y-cosh x sinh y):

M

sinh ooDl sinh ooD2 (l+pi) sinh o, (Dl—Dz)
T, T, (1--po) (2¢C.

13




Or, if sample thicknesses are chosen such that

- A e}
Dl 2 02 - 2D (27)
Then:
sink 2 o,D sinh o,D (1+p,)
v —————— = ———— sinh g.D (28)
Tz Tl (l"f_o)
but sinh 2x = 2 sinh X cosh x (29)
and:
2 sinh ¢oD cosh coD sinh GoD (1+p.)
- — = ——L ginh oD
Ty Tl (1-p0) (30)

r. -
T, L1y (I4p )+ (1-po) |

and cosh o0,D =

2 Tl (1—po) (31)

allowing one to calculate (0,) from two transmissivity measure-
ments,

oOnce {:o) is known, (B.) can be found either by solving
equation (19) by the gquadratic formula, or with an electronic
data processing machine.

5.1.4 Isothermal Layers With Diffusing Screen
Corrections.

In order to approximate the theoretical conditions in
the experimental measurements, a screen can be used before
the sample to diffuse the radiation. Since this screen will
reflect back ontc the sample some of tue radiation which the
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sample reflects, a correccion must be made for it. The flux
incident on the sample is, however, the initial flux passing
through the screen (Ih) enhanced by the radiation rereflected
from the screen. If (I,) is the total flux in this case and
(p.) is the reflectivitylof the screen, (aad the reflectivity
of the sample (p) is the same as that calculated in the pre-
vious section),

Then:
2 2 3 3
= I 4 3 + -~ P + L e o ~os
I, =L +opp, I+ pip I+ Tp 0 I (32)
or .
I, =1 S (eo P (33)
i “h -~ Frg
n=y
but
z xn = 1/(1-x) for 0<x<1l (34)
n=0
since both 0<{p<1l and 0<{p <1, 0<pp <1 £35)

T = ’ -
and I, = I /(1 PFg)

If we introduce this result into equation (19) for the trans-
missivity we  obtain the following result where (1) in this
case is now the ratio of the transmitted flux to the flux
measured from the screen with the sample removed.

2 Bo (1-po) (1-p,)

(l—pgs){[302(1+pi)2+§l—pi)2]sinh oD + 280(1—pi2)cosh 0oD}

(38)

If the value of (p) from equation (20) is introduced
into equation (36) one obtains:




Zﬁo (1—p0) (1""pi)

T=
2, ) _ _ 2 .
(Bo®f14p.) [L¥p,#p_(1-p.-2p0) ] +(1-p,) (1-p_) ) sinh ooD

+230(1—pi) [l+pi~ps(po+pi)]cosh D

(37)
This equation can then be solved for (o.) [by steps
similar to equations (22) - (31)1:
sinh 00D, ginh 00D, (140, -p (potp ) ]
- = sinh 0o (D, -D
T T (1-pe) : ( 1 2
2 1 ' (38)

where (t.) and (7)) are the transmissivities (as measured by
the methods described here) of twc layers of thicknesses (Dl)
and (DZ) respectively.

Or if thicknesses are chosen such that:

D, = 2D, = 2D (39)
T2{T1(l+pi—ps(po+pi)]+(1-po)]
cosh 00D = —
2 1, (1-po) (40)

3.1.5 Determination of the Value of o, and B, From
Bxperimentally Obtained Values of Transmissivity

From equation (38), 0. can be determined from measure-
ment of the tontal reflectivity of a surface where the index of
refraction is increasing, po., and the total reflectivity when
the index of refraction is decreasing, Py the reflectivity
of a diffusing screen placed before the sample, p_, and the
transmissivity 1. and Ty of layers of thicknesses; D, and

02 respectively, 1
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Since the solution of this equation by hand is laborious
and time consuming, a program has been obtained to sclve it
by machine. The Fortran statements of this program are
given in Appendix L. This program was written to be run on
an IBM 7090 electronic data processing system. The other
material constant, the corrected emissivity for transfer
between two parallel plates, Bo, can then be obtained from
the expression for T given in equation (37).

A Fortran program to solve this equation for B, using
the value of o0, obtained above and a value of T and D
measured, and the known values of the other constants is
given in Appendix II. These two programs allow one to obtain
the materials constants B, and o, from transmissivity measure-
ments of two or more layers of different thicknesses. These
programs have been debugged and tested and the answers they
produce agree with answers previously obtained by hand.

3.1.6 Surface Reflections

In order to use the result derived here for practical
calculations, it is necessary to know the value of the
reflectivity at the interfaces. The case of interest here
is that of diffuse radiation. Then the intensity is equal
for any angle of incidence, and the flux is then the intensity
times the cosine of the angle of incidence (as measured from
the angle to the normal).

I:x (e) is the angle of incidence, the portion of
radiation coming from that part of the hemisphere between
(6) and (e+ do) is sin o de (times a constant factor which
will be normalized). The total flux at this angle of inci-
dence is then cos e sin 6 de. If p_ 1is the reflectivity
of the interface for a ray at angle (e), then p_ cos o
sin o de is the amount reflected for each incremental angle.
To find the total reflectivity then, one would integ%75e
this expression and divide by the total radiation ([ sin o
cos o de) (since we are considering here only an interface
where the index of refraction is increasing, this reflectivity
is po):

17




T/2

L Pe sin e cos o de
po = fvr/z
o sin e cos e d o (41)

The value of (p ) is given by the following Fresnel equation
for reflection 6f randomly polarized light where (o) is the
angl: of incidence, (v) is the angle of refraction, (sin e =
n sin v), and (n) is the index of refraction.

1 sinz(e-w) tanz(e—w)
P, = 7 i +
© 2 Sln2(e+y) tanz(e+w) (42)
Therefore:
[T/2 2 2 2 2
o sin o cos elsin“(e-vy)/sin“ (e+y)+tan” (e-v) /tan” (e+y) ]de
Pe =
T/2 .
2 { sin o cos e de (43)
This integration has been carried out by Walsh(lz) with the
result that:
1 (n-1) (3n+1) (n2(n%-1) 2] (n-1)
pe = + + log
2 6(n+1)2 [(n? + 1)3] (n+1)
2n3(n2+2n—1) [ 8n4(n4+1) ]
+ log n
4
(n%+1) (n*-1) [(n%+1) (n®-1) 2 1 (44)

18




which allows one to calculate the reflectivity of an inter-
face for diffuse radiation as a function of the index of
refraction. These calculations have been carried ocut by
Ryde and Cooper(13) with the results shown in Table I; this

table compares the total reflectivity for diffuse radiation
to that at perpendicular incidenrce.

At an interface where the index of refraction is
decreasing, the situation is more complex. Here any radia-
tion arriving at an angle to the normal greater than sin 'l(l/n)
is totally reflected. To find this fraction we would

integrate from this angle to (7/2) and divide by the total
flux:

T/2
J[ sin e cos e de
sin 'l(l/n)
total reflectivity =
f” sin © cos o de (45)
o
since
1 2
f sin e cos e de = 3 gin“e (46)
1
Total reflectivity = 1 - 5
n
nz-l
= > (47)
n

Of the flux that is transmitted, (l-reflectivity) or
(1/n"), a portion of this is reflected by the Fresnel reflec-
tion discussed above. This can be shown to be the same frac-
tion as that previously calculated (po). The sum of these

two is then the total reflectivity at a surface where the index
of refraction is decreasing (pi):

19




TABLE 1

Comparison of the total reflectivity for
diffuse radiation to that at perpendicular incidence
(After Ryde and Cooper (13))

Index of Reflectivity for Reflectivity for
Refractio,, Perpendjcular Incjdence Diffuse Radjation
1.00 ) 0
1.1 0.0023 0.026
1.15 0.0049 0.035
1.2 0.0083 0.045
1.25 0.012 0.053
1.3 0.017 0.061
1.35 0.022 0.069
1.4 0.028 0.077
1.45 0.033 0.085
1.5 0.040 0.092
1.55 0.047 0.100
1.6 0.053 0.107
1.65 0.060 0.114
1.7 0.067 0.121
1.8 0.082 0.134
1.9 0.096 0.146
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nz-l Po
T RT ' n? (48)
Or:
n -1+ po
Py = n2 (49)

This can be an important (though usually neglected)
factor in heat transfer calculations. For instance, for a
material with an index of refraction of 1.5, pj would be
0.595. For a material of index of refraction 2.0, P would
be 0.788, both factors being quite significant.

Rearranging equation (49),

l"po
L-p; = -nz (50)

showing that the transmission through an interface where
the index of refraction is decreasing is only one divided
by n? of the transmission of an interface where the index
of refraction is increasing.

3.1.7 Non-Isothermal Layers

In order to be useful in heat transfer calculations
this theory must be extended to non-isothermal situations.
This can be done (as is shown by Hamaker and also by Schuster)
by adding a term in each radiation equation representing the
amount of energy emitted by the infinitesimal region. Thiuz
is (¢ E dx) where (g) is the emissivity and (E) is tne black-
body radiation at the temperature at (x). Making use of
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Kirchhoff's law, this term becomes {a E dx) where (a) is

the previously defined absorption coefficient. An additional
heat balance equation is now needed expressing the fact

that heat is neither accumulated nor produced within the
body:

+ a(I+Jg) =

where (k) is the lattice thermal conductivity. The first
term on the left side represents the heat accumulated by
conduction; the second term is the heat absorbed from the
radiation, and the sum of these equals the heat loss by
radiation (the term on the right).

The total black-body radiation within a media of
refractive index (n) 4s given by the Stefan -Boltzmann equation:

(52)

where (0') is the Stefan-Boltzmann radiation constant and
(T) is the absolute temperature. If the temperature is

high and the temperature gradient not tooc large then (E) may
be represented by:

E=E, +Db (T-T,) (53)

b=40" n° T (54)

and (T.) is a temperature close to the actual temperature,
and (E,) is the corresponding total radiation. When the
above equation hoilds the temperature may be fixed equally
as well by (E) as by (T) and, since this simplifies matters,
(E) has been retained in the equations rather than (T). The




set of simultaneous differential equations is then:

ar | ~-(a+s) I + sJ + aE
dx
dJd
- = + J~ sl-
ax (a+s) akE
2
k d"E
LA . — 4 + =
b 32 a({I+J) 2aE

Hamaker shows that the complete general solution of these
equations is:

I = A(1-B)e®™ + B(1+B)e™™* + C(ox=B)+F
J = a(1+B)e™ + B(1-B)e " + C(ox+B)+F
E = -A/ceGx -B « e_Gx +Cox +F
where 0 = +~v2ab + al(a+2s) = oo ¥ (1#K)
k
B = o/(a+2s)

2b/k (a+2s) = 2bB/ko

(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

And we heve introduced here the proper (nz) term which does

not appear in Hamaker's work.

To illustrate how this theory might be used, we will
derive the particular solutions for a layer receiving radia-
tion at both surfaces, and where heat is being conducted away




from the surfaces. The amount of heat being conducted away

from the surface must equal that conducted to the surface

in the solid giving one boundary condition at each surface.

The other two boundary conditions are supplied by the radia-
tion interchange at the surface. The temperature (particu-

larly at the surfaces) and the emitted fluxes will be solved

for,

Using the same notation as the previous sections,
immediately below the front surface x=0, the forward flux
(Io) is equal to that part of the incident flux (I.,) which
isn't reflected ([l-po]Ii) plus the amount of the *

backward flux at this surface (J,) which was reflected
(piJo) L)
Therefore;

Io = (l-po) I, + p.Jo (64)

Or substituting from equations (58) and (59):
A (1-8) + B(1#8) -CB + F = (1-po) I, + p, A(1+B) + p.B(1-B)

+ pi cB + Fpi
(65)

Similarly, immediately below the back surface x=D,
the backward flux (JD) is composed of the part of the inci-

dent flux on this surface (J,) which is transmitted ([l-po]Ji)
plus the part of the forward flux at this surface which is
reflected (p,I):

And:

Iy = (1-pe)d, + p I (66)




or:
ab

A(1+B)e”D + B(1-B)e + C(oD+B) +F =

D

obh -
(1-po) T +p, A(1-B)e ~ +B Pi(1+ﬁ)e * ey C(oD-B)+ by F

(67)
If we define (7)) as being equal to the gradient at the sur-~
face times (b):
ar dE
n=b E;)surface - (F surface (68)
Or, if the heat is conducted away by a gas:
dE -b © =
n = (37 = —d (69) L
dx’ surface k : l
B
where (Q.) is the heat being conducted (or convected) away
by the gas.
Then since (by differentiating equation (60)):
d8  _ Aco e*+Broe+co (70
dx
The other two boundary conditions are:
dE
= & (71)
o
Nn=-Axko+Bnro+ Co (72)
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oD -oD
n=-Arkoce +Bkoe  +Co (74)

The four simultaneous equations (65), (67), (72)
and (74) are then solved for the constants A, B, C, and F
where it has been found convenient to define a function con-
sisting of the dencominatcor:

let:

2{1-p.) (cosh oD-1 +[2B(1+p.) (1+x)+x oD(1l-p.) ]sinh oD=etc (75)
i i i

then:
~gD ,
. (e”77-1) {o(1-po) (1,-90+ r][2/3(l+pil)+0D(l-pi)]]
2 0 otc (76)
D :
. (e-1) (0(1-po) (I,-3,)40[ 28 (1+p,) +0D(1-p ) 1]
2 ¢ etc (77)
-2 no(l—po)(Ii_Ji)sinh 0D+4n[(l-pi)(cosh oD-1)
+ B(1+p.) sinh oD ]
cC = —1
2 0 etc (78)
Zonzli[(l-pi)(cosh o D~1)+[(B(1+pi)(1+n)+de(1—pi)]sinh oD}
+20n° Ji[(l-pi)(cosh oD«l)+B(l+pi)(1+m)sinh oD}
—ZOnD{(l-pi)(coshoD-l)+3(1+pi)sinh oD}
F = 1
2 0 etc
(79)
26




By introducing these constants into equations (58),
(59), and (60) it is now possible to find the fluxes and
temperature at any point in terms of the radiant and thermal

fluxes.

They are:
ox, -oD oD -0X )
o(l-po)(Ii-Ji)(e (e -1) (1-B)+(e -1) {(1+B)e -2k (ox-B)sinh oD)

+n{l 2B (1+p ) +oD(1-p ) 11 €™ (7" -0(1-B)+e™ " (°P-1) (248) ]

+4 (ox-ﬁ)[5(1+pi) sinh oD + (1-p.) (cosh oD-1) }]

2 0 etc
+F (890)

0 (1-po) (T,-3,) (e%* (e77P-1) (148) +e” "% (9P-1) (1-B) -2 (ox+B) sinh oD)
+n([28 (14+p,) +0D(1-p ) 1[e™ (e77"-1) (148) +e™"* (&"-1) (1-B) ]

+4 (ox+B) [B (1+pi) sinh oD + (l-pi)(cosh cD-11}

2 0 etc

+F (81)

) -K O(I-po)(Ii—Ji)[eox(e-oo—l)+e_ox(eOD—1\+2ox sinh oD}

_"][.‘C[Zﬁ(l+pi) + gD(l_pi) ][eOX(e-oD_l) +e-—0x(eOD_l) ]

~-40% [ﬁ(1+pi) sink oD + (1-p.) (cosh oD-1) ]}

-

2 0 etc

+F (82)
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These are again not measurable 4guantities. The guan-
tities desired are ths fluxes emitted at each surface and
the temperatures at the surfaces. At the back of the layer,
(x=D) , the flux emitted in the forward direction (here
dencted by I,) is equal to the fraction of the forward flux
immediately under this surface (I,) which is not reflecteqd
at this surface ([i-p;]Ip) plus the fraction of the incident
radiation on this surface which is reflected into the for-
ward direction (P°J1)°

or
= (1- +
I (1 pi) Iy poJi (83)

Similarly (where Je is the flux emitted in the back-
ward direction at the front surface):

J, = (l-pi) Jo + pol. (84)

Finally the energy equivalent of the temperature at
the surfaces is found by substituting x=0 and x=D into
equation (82). Actually in the constant (b), the (n2) term
should be the index of refraction of the material in which
the particular quantity is measured. In order to keep the
notation consistent in this part, the (n?) term will be kept
in the constant (b) but the energy equivalent of temperature
measured outside the sample (here denoted by E and E_ ) will
be divided by (n?) so that the numerical resul®? will Be
correct. Before setting down the results it is desirable
to define the following functions since most of the equations
are symmetrical.

Let etc. = 2(1-pi)(cosh oD-l)+[23(1+pi)(1+n)+ch(1-pi)]sinh oD

(85)




f

6

il

28(1-p,) (14x) sinh oD

atc

2(1-p,) (cosh oD-1)+[23(po+pi)(l+&)+&uD(l-pi)]sinh oD

etc

(l«K)(l—pi)(cosh cD—1)+{B(1+pi)(1+K)+&0D(l—pi)]sinh oD

i

etc

(1+n)[(1-pi)(cosh oD-1) + ﬁ(1+pi) sinh oD]

I

etc

(1-p,) [-2(cosh oD-1) + oD sinh oD]

I

etc

[OD(1+K)(l-pj)+23&(1+pi”(cosh oD-1) + BoD(l-pi)sinh cD

2
n etc

It is useful to note that,

{86)

(87)

(88)

(69)

{90)

(91)




£f. - f =k f (93)

Then the desired terms are (where Qg is the negative of the
heat removed by conduction, and therefore m = b gg/k):

= + +
Io=f I; +£, 0, +£f Q0 (94)

J - <+ -
e f2 Ii fl Ji f5 . gg (95)

K
= <+ -
Fao 83 I3 Y B9 - g g & (96)
K
= + —_—
Eg=f, I, +£70 ¢+ £ 5B g, (97)

This gives an idea of how the theory can be used to
calculate radiation transfer; the actual choice of parameters
is arbitrary. For instance, it would be possible to specify
the surface temperatures and perhaps assume no incident fluxes
{they might conveniently be chosen as being zero), then solve
for the emitted fluxes and the surface gradients necessary to
maintain the given situation.

3.1.8 Derivation of the Bffective Thermal Conductivity
of a Powder.

Using the relations derived above, it is possible to
calculate an effective thermal conductivity for a powder if
it is assumed that the powder consists of layers of material
the thickness of which is the same as the average particle
gsize of the particles of the powder and if the porosity of
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the model i.s the same as the porosity of the powder. An
amount of radiation I;, is incident on the first layer of
the system; the radiation being emitted then from its
second surface is Ig). This latter amount is now incident
on the second layer and is therefore the same as 1;5,. On
the last layer of the system, the th layer, the amcount of
radiation incident is Jjjy (it is in the beckward direction),
and this layer emits from its other surface an amount of
radiation Jg4, which is then incident on the next to last
particle and would then have the notation there of J.,. .
In this manner, all the radiation terms can be foundl(3°1)
as functions of the radiation incident on the first and last
layers. It is assumed that the first layer is the hottest
one and heat is transferred down the stack to the jth layer.

Since the emitted radiation from one layer is inci-
dent on the next, one can transform equations (94) and (95) to
the following:

Ten = f1 Ie(no1) £y Jotner) ~ f5 © 9g =0 (98)
and: f
- = - + C = 7
Jen 2 Ie(n—l) fl Je(n+1) fS Lkg gg 0 (39) ~
,  1_f. s L +
But since fl 1-f,, substituting Ie(n-l) fZIe(n—l)
- i i - +
for flIe(n-l) in equation (98) and Je(n+l) fZJe(n+1) for
-flJe(n—l) in equation (99), the following is obtained:
I f. x =0 (100)

- + - -
en Ie(n-l) fZ[Ie(n—l) Je(n+1)] 3 -g




and:

+ £« Q =0 (101)

Jen-Je(n+1) - fZ[Ie(n-l)-Je(ni-l) 5 =g

Similarly, substituting for £3 Jg(pn+3) in equation (98),

fZIe(nol) in equation (99). The following is obtained:
- - - L C =
Ien Je(n+1) f1[Ie(n-—l) Je(n+1)] f5 * 9g 0 -02)
and:
- + - - = )
Jen Ie(n-l) fl[Ie(n-—l) Je(n+l)] fS “ Qg 0 (103)
Applying equation (95) to the (n+.) layer:
1 5 £s
= - - + —
Len £, Te (n+1) £, Je (n+2) , &y (104)
and equation (94) to the (n-1) layer:
£ £
= 1 . -2
Jen - f2 Ie(n—l) £, Je(n-z) £, . 99 (105)

substituting equation (104) into equation (102):
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- £ J + : -
Jen+) ~ F1leme2) ¥ 5 7 &y~ o (ne1)
- -J 1~ .
£ £ [Ie(n—l) e(n+l)] £, fS ’ Qg =0 (106)
Or, since l~f2 = fl' and dividing by fl:
- - - + < -
Je(n+l) Je(n+2) f2 [Ie(n-l) Je(n+l)] fS ©Q 0 (107)

Similarly, substituting equation (105) into eguation (103):

+ -
fz[ ] fs x Q =0 (108)

Ie(n-l) - Ie(n—2) Ie(n~1) - Je(n+l)

From eguations (100), {(101), (107), and (108), it can
be seen that:

J - J = J -J = I - I
en e{(n+1) e(n+l) e(n-?2) e(n-2) e(n-1) =
Ie(u—l) -len il Ien B Iex,n+1\ - Ie(n+l) - Ie(n+2) (109)
Fur thermore,
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Ioa-1) ~ Jen+) = Tetn-2) - f2 (To(n-1)Te(n+1) *fs < &
- —— - + -
Je(n-i-l) f2 [Ie(n-l) Je(n+1)] f5 * fg
= Ie(n+2) - Je(n+1? 2 fZ[Ia(n+l)wJe(n+l)]
+ 2 £ Kk £ (110)
5 © g

Or by repeated substitutions similar to aquation (109), if
there are j particles,

Ie(n~l) = Je(n+1) i T Jij -(3-1 £, [Ie(n—l) B Je)n+1)]
+ (§-1) £_ « Q (111)
3 5 % 9
and:
- 1 4
. . _ I11 {ij + (j-1) £.6Q
-
e(n-1)  elntl) 1+ £, (5-1) (112)
and:
Jen ~ Je(n+1) - Je(n+1) - Je(n+2) = Ten -~ Je(n+1) =
£pl%50 = JTi5)-t5 < g
I -I =
+ +2) -
e(n+l) “e(n+2) 1+ f2 (5-1) (113)
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Since the amount of heat transferred by gas con-
duction is the sam: everywhere in the system, it would
simplify matters if the following substitution is made:

(4am) _ _[Ead(n—L)-ann] (114
(dx)g lep H

The notation b, (which is defined as being equal
to 4 ¢ T3) is here used to denote transfer in air where the
index of refraction is unity as differentiated from b (which
equals 4 o'n2T3) which is used for transfer within a layer
of index of refraction n.

Where it should be remembered that:

- -} L47)
% 7 g (axg (o

Dp represents the distance across the pores and

E -E .
ad(n-1) "aon 1is the temperature drop across the pore. The

by

latter can be evaluated from equations (96) and (97):

] _ k
Eaa(n-1)"Faond = FaL(n-2) * £3 Ten * fo" 3 <§§f>g

£y Ten-1) ~ %4 Je(n+1) (116)

Or, on substituting for I 4, ond J from equations (108)and
e(n-2) . en
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(101), and using the relationship f3—f4 =& £ _:

5
(E -E__]1 = [Ie(n:A-LJe(nﬂ) JL£,-x £ ]
ad{n-1) “aon .
g9 f6
"T %D 5 - %) (117)
°p

. out . -7
Finally, by subs:i.ituting for Ie(n-l) e (n+1) from
equation (112), again solving for Ead(n-l)-ann and reducing

to simplest terms we finally obtain the latter as a function

of I..J.. and k :
il 1ij g
[E i } _ [Iil_Ji_ﬂ[fg;: f5] SIS
ad(n-1) “aon’ . K fe 1+5,15- _ .
1+f2(3—1)+.ble ( —§ £ (cf, (5-1)+1])

(118)

Introducing equation (118) into equation (113), the following
is obtained:

Ten " Yentl) = Zen+l) T Zen+2) - Yen T Te(n+1)”T te(n+1l) Tein+2)
Kk f. £
—9 2.6 _ 2
(179551 % 5 78 < £,
lp
= Kkg f6
1+fz(3-1)+ b:gg { 7; [l+f2(3-1)]—fs[xf5(3—1)+l]}

(119)

Using the above equation, any des.red term can now be
derived. For instance:




k £-f 2
- + g [r2le _
[Iil Jij]{fz b D | 3 < £.°1)
I =1 - 1 p
el il ickg f6
l+f2(3-1)+b~5 {-B— [1+f2(3—l)—fs[nf5(3-1)+l]) (120)
1 p
and:
nl1, -7, 10, a1 5% _ £ 2
il 1ij 2 b.D 3 5
I =1I,. - 1l p
en il -
Kk £
1+£_ (j-1)+ —32 -2 (1+£_(j-1)-F_[(kf_(3-1)+11) (121)
2 b,D_ B 2 5'°%g
similarly:
Kk £ £
._ v g 2’6 _ 2
(5 n+1) (1., Jij][fz"-bD [ 3 £ 1)
l1p
I =T st an :
Ioake, -0+ 52 (28 Taee, (G- -£ [ £ (-1 +1))
1°p B ; (122)
And substituting into equations (96) and (97):
ann = fBIil + f4Jij
| ck £, ) £,
[Iil-Jij]{[f4(3—1)-n+1]{f2+ b——qlbpt 5 ~cES N SlE,-cE )
+
fckg f6
1+f2(3-1)+b S { B [1+f2(3—l) ]-f5(3-1)+1]} (123)
l1p
and:
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Baan = falin ¥ %3955

kk f£_£ f
. . g 26 2,76
IIil+Jij][1f3(3—1)-n+1]{f2 + bIDp [ R ]}2B[f2-xf5]]
+

Kk £
. g 6 . ,
1+ fz(J—l) +lep { 7;-[1+f2(3-1)]-f5[x f5(3-1)+1]}

(124)

These relationships allow the calculation of any desired
radiation tern or temperature in a system if the incident radia-
tion, the conductivity of the gas, the scattering and absorption
coefficients, the average temperature, the conductivity of the

solid, and the average size and number of particles in the sys-
tem are known,

An effective thermal conductivity kg is defined by
the following eqguation:

_ (oT)
“= -k, (OLx) (125)

or:

kX = g Jbx)

e (AT) (126)

where Q is the heat flowing across a unit area under the
influence of a temperature drop, AT, which occurs over a
representative distance, &x. The length from the top sur-

face of one layer to the top surface of the next layer will
be taken as a representative distance. Then:

Ax = (D + D) (127)
p

where D is the thickness of a layer, and D

is the thickness
of a pore,

The temperature drop across this section is then:
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Ead(n-l)— aon’

AT = (128)

which from equation (123) is found to be:

Kk G o
, g “2°6 2
(I..-J..) [ £, 45 5 -« £9]
AP = —=iL 13 . l1p
b, ( 1+£_(j-1)+ Kg {f6 [1+f_(3-1) 1-£_[«f ('-1)+]}}
( TR 2'J 5t*%5 ) )
1p

(129)

The total heat flow can be found if any surface is
considered. There the heat flow is equal to the difference
between the forward and backward radiation fluxes plus the
heat concducted by the gas. The latter is equal to the tempera-
ture drop across a pore times the thermal conductivity of the
gas divided by the distance across the pore or:

kg
= - + ———— -
© Iin Jen le [ Ead (n— 1) ann ]
kg
= - + —— - B
Te(n-1)" Jen lep [Ead(n-l) ann] (130)

Introducing equations (121) through (124) into equation
(130) clearing of fractions and reducing to the simplest terms,
the following is obtained:




k Kf_f
, g 61 2
[Iil—Jij]Lfl * v [ B - £, + 4f, 1)
lp
Q —
<k f
. -9 ¢ _6 C 1y 1o .
1+f2(3 1)+lep { 3 [1+f2(3 1) ] £, [KfS(J 1)+1]}

Then from equations (125) to (131) we find:

k cf_£ 2

g 6°1 .
bl(D+Lp)(fl A= [ B - £, + 4f, 1}
lp
k, =
Kk £.f
9 .26 2
£, + .1 { 5 - K f5 ] (132)
1p

Since the pore size of powder is difficult to measure
but the particle size and porosity can be measured, it is
desirable to substitute for Dp a function of the porosity, P,
and the farticle size, D:

D
P = ___E
D+D (133)
P
or:
b = ED_
P (1-P) (134)
and:
D
D + D=
b (7-5) (135)

Then the conductivity becomes:
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Dk u{blpPDfl+kq(l-P) [nfol—Pfl+4lf4 1i

2
5

. .
(1-p)B(pPD kof, + 2n2 k (1-P) [fof -i:f_ 1) (136)
g 2°06

Note that the « in the second part of the denominator
has been removed and 2bB/ko has been introduced in its place,
(vhere k is the thermal conductivity of the solid) and that
the ecuation has been cleared of fractions, At t! s point,
co simplify the above expression to one that can be used, it
is necessary to make a tedious substitution for £, through
f_ from equations (85) through (81). This will b& done only
for the case of a vacuum; i.,e,, where kg is zero.

The result is:

28 D by (1-po) (1+£) sinh oD

(1-P)(2(l-pi)(costh~1)+{2ﬁ(po+pi)(1+K)+nGD(1-pi)]sinh oD}
(137)

This equation illustrates the usefulness of the
general thecory in that a relatively simple equation can be
derived for a very complex problem., This equation has proper
end points, partially due to the intrcduction of the surface
reflections,

3.2 Validity of the Hamaker Approximation

In develonment of the Hamaker equations, an approxima-
tion is introduced in the conductive part of the combined heat
transfer by conduction and radiation. Measuremcnts of the
effective thermal conductivity of polycrystalline alumina at
temperatures of about 2000°K indicate that the conductive part
is still & major contributor(l4)v This results from the
relatively high conductivity and large scattering in dencze
polycrystalline ceramics. Since the utility of the specific

41

v o




1——————-———_—

solutions of the Hamaker equation derived thus far depends
critically on the validity of our underlying assumptions, it
is essential to have critical understanding of the nature

of these limitations.

3.2.1 The Hamaker Approximation

The equations describing the transmission of heat
by conduction and radiative transfer in a homogeneous
medium are (for the one dimensional case and the steady
state) :

2

k 9—3- - 2an2 o ™+ a{i+J) = 0 (138)
dx
gl = an2 o' T4 - (a+8)I + s J (139)
x
%% = (a+sg) J - sI - an2 o' T4 (140)

where I and J are the radiant fluxes in the +x and -x direc-
tions, T is the absolute temperature, ¢' is the Boltzmann
constant, and k, a, 3, n are material ccnstants already defined.
These equations are identical to (51) (55) and (56).

Hamaker's approximation csnsists of reglgsing the

first term in equation (138),k 9<T, by 3_3. Q_l_zl ,in which
dx?2 T, dx

To is some average temperature in the material. This replace-
ment wakes the set of equations (138), (139), (i40) linear and
homogeneous in the quantities I, J, and so that a solution
in closed form can be obtained readily. However, consider
the identity:
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a2 T 0o lad Y I el (1a1)

Hamaker's approximation is equivalent to neglecting the
first term on the right hand side: it should be valid
therefore only when the inequality, (5),

2 2
ar T d’r
@) << 3 ax? (142)

a L3 3 2 T ]
is satisfied ox when the entire conduction term, k d T/uxz

negligible compared to the other terms in equation (138),

We note that the inequality (142) cannot be satisfied with a
constant temperature gradient (i.e. when conduction dominates
radiative transfer) and, in fact, is not satisfied for any.
temperature distribution of the form T = ax™ unless n << 3 -

3.2.2 Numerical Integration of Exact Equations at
L.ow Temperatures

For computation it is convenient to reduce the set of v
equations (138), (139), (140) to a single second order A
ejquation. Equations (139) and (140) are added and the sum
integrated once to give:

I +J = -(a+2s) (Hx+kT) + A {(143)

in which A is a constant of integration and H is the net
heat flux (also constant) defined by:

I-—J-—k‘é‘; (144

ool
i
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Substituting in equation .138), we obtain finally:

2 .4 , -
= - 2an o'T -~ a(a+2s) (Hx+kT) + aA 0 (145)

This equation has been given essentially by Kellett; we have
introduced here the effect of radiation scattering and multi-
plied the Boltzmann constant oy n?. For comparison with
various approximations we have calculated an exact solution
to equation (145) by numerical integration for the initial
conditions (imposed at x=0) listed below:

a, Heat flow in -x directicn in a homogeneous
medium containing the plane x=(

b. Net flux, H = -3.03 cal. em™ 2 sec” !

¢. Radiant flux in +x direction, I(x) = 0 at x = 0

d. Radiant flux in -x divection, J(x) = -0.03 at
x=0 (cal cm~2 sec-1l)

e. Temperature, T(x) = 0.1 at x=0 (in units of

1000°K) .

f. Temperature gradient, g% = 1,0 at x=0 (units of
1000°K cm~1)

The material constants assumed are:

. . . -1
g. Absorption coefficient, a = 10 om

h. Scattering coefficient, s = 10 cm“l

1. Material conductivity, k = 3 cal cm"1 sec pexr
1000°K

j. Refractive index and radiation constant,
2 -1

n 7' =3 cal cm"2 sec per (lOOO°K)4




For the particular values assuamed, equation (145)
becomes:

d

7 4
=20 T + 300 T - 303 x - 3.1 (146)

Al

A straightforward numerical integration yives the solutions
plotted in Figure 1. It shkould be noted that the initial
temperature was chosen to be very low and the temperature
gradient is large so the solutions obtained thus far cowver

a range in which substantial differcnces between the Hamaker
and exact solutions are to be expected.

3.2.3 Numerical Integration of Exact Equations at
High Temperatures

We have also attempted the numerical integration of
the transfer equation (145) in the temperature range of
1000°K and above. In principle a numerical solution can
be obtained to arbitrarily high accuracy by taking sufficiently
small intervals for the integration; in practice a very largc
number of intervals is needed to get reasonable accuracy in
t'.e high temperature region. As the solution proceeds to

higher temperatures the second term, 2 anzc'T4, dominates;
; 27
to =satisfy the equation the first term, k g—g ., must become

large and positive with the resualt that the" solution T(x)
rapidly goes to infinity.

A complete analytical solution for equation (145) has
not been found but we have developed a form which has the
correct asvmptetic behavior and is well adapted to numerical
calculation in the high cemperatire limit., We can show
that i1f T(x) is a solution of equation (145), then the inverse
function x(T) must satisfy equation (147):




X
O
o
O
Q
o
O
w
=
C
3
o
2
o
| .
¢}
Q
5
'._

[

Exact equation

]

- = = Hamaker solution

O
&

Fignure 1:

I

ompariso'. of

o

amaker soln' jon

for condit io s

owmerical iate ration of exact solar jon
dosceri ed i

toxt

Heat flux (cal sec-!cm-2)




-

x(T) = fT do {ﬁ'- _a_r_x_k_c_; (95-'1'05)4- a(a+25)(62—T02) -
To >
23R (5 m) 4+ (-"i'*r‘-)2 s Zalarzs) 4 3 (E)de’}—%
k e axo k 4 *
(147)

The two variables of integration, © and £, have the
dimensions of temperature: © ranges fron To to T and £
ranges from T, t~ O,

After differentiating ouce, eqaation (147) becomes:

2
dgx _ (4 an o' & 5. 2 2. 2aA
ar - {5 S (T7-7,”)+a(a+2s) (T°-T, ) - ~ (T-T,) +
dT 2 2a (at+2s) T - 1
== +
(ax) k HoO [0 ox (B)dt) 2 (148)

To

Although formidable at first sight, these equations
are not diffi—cult to apply. A procedure for calculating
the solution x (T) follows:

Q. Assume the materials constants, the heat fluxes H
and A, and the initial conditions To and(gg) at xo=0
[o]

b. Estimate the coordinate x, corresponding to a nearby

temperature T1 and evalua%e the integral

T
1
f X (E.) dﬁ«
To
dx _ .

c. Calculate == at T = T. from eguation (148).

dT 1




d. Integrate to yet x. = [ L (QE) dT + x%o-
1 T arT
e. Use the calculated value of x, to replace the esti-

1
mated value in (b) and iterate until a consistent

value for xl 1s obtained.

o (T x4

so forth, As the solution proceeds to high tempera-
ture the step (b) and the iteration becomes unnecessary
T

+
because the term involving | n+l
T,

f. Continue stepwise to calculate x (T3) and

x(€)dt becomes

negligible compared to the first term on the right
hand side of equation (148).

As an illustration of the method we have calculated
a solution with the same material constants and initial values

for H, I. J, and (QI) used in the last section except that the
initial temperaturé ° is taken to be 1000°K (T.=1.0). Equation
(148) then becomes:

1
%% = [8(T5~1)+300(T2-1) -60.2(T-1) +1-606 fT xd#?f )} 2
1
(149)
The result is plotted in Figure 2.
To show that equations (145) and (147) are esquivalent,
differentiate equation (147) with respect to T to
obtain equation (148) which can be written as:
dT dx -1 4 anzo' 5 5 2 2
= - Gr = l3 5% (T°-T.”) + a(a+2s) (I°-T,°) -
2aA daT 2 2a (a+2s) ,T %
T (T-Td*(G) 4 X Hj x (£) at) {150)
To
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